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A general LMM has the following form:

yitij = x
>
itijβ + z

>
itijbi + �itij , yi = Xiβ + Zibi + ²i, bi⊥²i (4.10)

bi ∼ i.i.d.N (0,D) , ²i ∼ i.i.d.N
¡
0, σ2Imi

¢
, 1 ≤ j ≤ mi

where x>itβ is the fixed and z
>
itbi the random effect, ⊥ denotes stochastic

independence and Wi =
³
witi1 , . . . ,witimi

´>
(W = X or Z). For growth-

curve analysis (modeling change of yit over time as in longitudinal study),
zit is often equal to xit. It follows from the assumptions of the LMM that:

E (yi | Xi, Zi) = Xiβ, V ar (yi | Xi, Zi) = ZiDZ>i + σ2Imi (4.11)

Clustered data also often arise from cross-sectional studies. For example,
psychotherapy or behavioral intervention programs in the behavioral and
social sciences are often delivered in a group format. Because therapists may
differ in their skill set or ability to form a therapeutic bond and alliance with
their patients, which are important considerations for intervention effect,
there are often real differences between therapists. Such variability leads
to different treatment outcomes in patients who are treated by different
therapists and should be accounted for in assessing treatment effect in such
studies.

Example 6 (LMM for controlling for therapists’ effect). Let n
denote the number of therapists and mi the number of patients seen by the
ith therapist in a cross-sectional study comparing two treatment conditions
(1 ≤ i ≤ n). By treating n as the number of clusters and mi as the size
of each cluster, patient’s response, yij , can be modeled using the following
LMM:

yij = β0 + xiβ1 + bi + �ij , bi ∼ i.i.d.N
¡
0, σ2b

¢
(4.12)

�ij ∼ i.i.d.N
¡
0, σ2

¢
, 1 ≤ i ≤ n, 1 ≤ j ≤ mi

where the binary xi indicates the treatment conditions. In the above, bi
accounts for the individual effect of the ith therapist with σ2b measuring the
variability across therapists. Thus, concerns about therapists’ variability
can be examined by testing the null hypothesis: H0 : σ

2
b = 0. Note that in

this example, xit = (1, xi)
> 6= zit = 1.

Example 7. For the LMM in (4.12) of Example 6, we have:

V ar (yi | xi) =
¡
σ2b + σ2

¢
Cmi

µ
σ2b

σ2b + σ2

¶
(4.13)
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